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1 Question 1: §9.1 Q2

Show that if a series is conditionally convergent, then the series obtained from its positive

terms is divergent, and the series obtained from its negative terms is divergent.

Proof. Recall the definition of conditionally convergence: A series is said to be condition-

ally convergent if it is convergent, but it is not absolutely convergent.

Let {a,} be a conditionally convergent series and a,, = p,, — ¢. P = a, if a,, > 0 or
0ifa, <0. g, =—a, ifa, <0or0if a, > 0.

Then the convergence of positive terms is same as the convergence of {p,}. The

convergence of negative terms is same as the convergence of {g,}.
Without loss any generality, let {p,} be convergent.

Claim {p, — a,} is convergent. Since {p,} and {a,} are convergent, for any ¢ > 0,

there exists Ny and N,, such that

|Tm + a1 + - F 0| < /2

|pm +pm+1 ++pn| S 5/2

for any n > m > max{N;, Ny }.

Hence,

‘pm+pm+1+"'+pn_(xm+xm+1+"'+xn)|

<|Zm + Togr + -+ Tn| F P F Pgr - pa| <€

for any n > m > max{Ny, No}. Thus, {p, — a,} is convergent, which means {q,} is
convergent. Hence, {p, + ¢, } is convergent, which is absolutely convergent, which means

{]as|} is absolutely convergent, a contradiction. O

2 Question 2: §9.2 Q3(e)
Discuss the convergence or the divergence of the series with n-th term given by (nInn)=t.

Proof. By Integral Test 9.2.6, let f(z) = ﬁ, decreasing function on {t > 2}. Then
S5 f(n) converges if and only if [;° f(z)dz exists.

Since [,° f(z)dz =In(Inz)|$° = oo, hence Y 5" f(n) is divergent. O
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3 Question 3: §9.2 Q4(f)

Discuss the convergence or the divergence of the series with n-

Proof. By Stirling’s approximation, n! ~ v/ 27m— hence the original series approximates
V21mn g :n .
Then

A[V7 = lim(v2mn) /" = 0
en

Hence, it is convergent. O

4 Question 4: §9.2 Q7(b)
Discuss the convergence or the divergence of the series with n-th term given by %

Proof. By Stirling’s approximation, n! &~ v/ 27m— hence the original series approximates

What’s more,
1 e
1/n _ —
lim(z,)"" =1 51/ I 0

Hence, it is convergent. 0
5 Question 5: §9.3 Q8(b)(c)
Discuss the series whose n-th term is:

(b) (n+ ;nJrl

(o) (~1)"ees-
Proof. (b) It is clear to see # = = ()" = #1@ From Question 2, there

exists N > 0 such that

Inln+1)>(1+ E)n

for n > N, since Inn+1 and (1+ +)™ are monotone increasing sequences and limInn = oo

and lim(1+ 1)" =e.



1 1 1
nlnn — n+l (1+%)”’

Hence
Z 1
nln”’

(c) By 3.7.3, The n-th Term test shows that if a series ) _ x,, converges, then lim x,, = 0.

for n > N. Hence it is divergent due to the divergence of

Since lim )" — e, thus it is divergent. O]
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